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Abstract: Six-dimensional Hermitian submanifolds of Cayley algebra are considered. It is proved that if such

a submanifold of the octave algebta complies with the U-Kenmotsu hypersurfaces axiom, then it is Kéhlerian.
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1 INTRODUCTION

The almost Hermitian structures ( AH-structures )
belong to the most important and meaningful differential-ge-
ometrical structures. The existence of 3-vector cross prod-
ucts on Cayley algebra gives a lot of substantive examples of
almost Hermitian manifolds. As it is well known, every 3-
vector cross product on Cayley algebra induces a 1-vector
cross product (or, what is the same in this case, an almost
Hermitian structure ) on its six-dimensional oriented subman-
ifold""?*!. Such almost Hermitian structures (in particular,
Hermitian, special Hermitian, nearly-Kéhlerian, Kihlerian
etc) were studied by a number of authors: A. Gray' ™" | V.
F. Kirichenko"”®' | Haizhong Li and Guoxin Wei'™® | H.
Hashimoto""? K. Sekigawam: , L. Vranchen'™' | N. Eji-
i, S. Funabashi and J. S. Pak' and others. For
example, a complete classification of Kihlerian and nearly-
Kéhlerian structures on six-dimensional submanifolds of the
octave algebra has been obtained .

The almost contact metric structures are also remarka-
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ble and very important differential-geometrical structures.
These structures are studied from the point of view of differ-
ential geometry as well as of modern theoretical physics. We
mark out the close connection of almost contact metric and
almost Hermitian structures. For instance, an almost con-
tact metric structure is induced on an oriented hypersurface
of an almost Hermitian manifold """’

In the present paper, we consider six-dimensional Her-
mitian submanifolds of Cayley algebra. We shall prove the
following main result.

Theorem. If a six-dimensional Hermitian submanifold
of Cayley algebra complies with the U-Kenmotsu hypersur-
faces axiom, then it is Kihlerian.

This short article is the continuation of the author’ s
researches in the area of interconnection of almost Hermitian

[17-20

and almost contact metric structures ! and others) .

2 PRELIMINARIES

Let us consider an almost Hermitian manifold, i.e. a

2n

2n-dimensional manifold M™ with a Riemannian metric
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g =(+, +) and an almost complex structure J. Moreover,
the following condition must hold

(JX,JY) = (X,Y) XY e R(M™"),

where X (M) is the module of smooth vector fields on
M*. All considered manifolds, tensor fields and similar
objects are assumed to be of the class C*.

The specification of an almost Hermitian structure on a
manifold is equivalent to the setting of a G-structure, where

6221 is elements are the

G is the unitary group U(n) '
frames adapted to the structure ( A-frames). They look as
follows :

(p"c"l L,y E05E ,“',6‘")

where g, are the eigenvectors corresponded to the
eigenvalue i = /=1, and g, are the eigenvectors corre-
sponded to the eigenvalue — i. Here the index a ranges from
1 to n, and we statea = a + n.

Therefore, the matrixes of the operator of the almost
complex structure and of the Riemannian metric written in
an A-frame look as follows, respectively;

i, . 0 0.1,
(U = (b it = 4]
0 -l i 0

where [ is the identity matrix; k, j=1,--, 2 n.

We recall that the fundamental form ( or Kihlerian
form) of an almost Hermitian manifold is determined by the
relation

F(X,Y) = (X,JY) XY ¢ R(M™")

By direct computing it is easy to obtain that in A-frame

the fundamental form matrix looks as follows :

An almost Hermitian manifold is called Hermitian, if
its structure is integrable. The following identity characteri-
zes the Hermitian structure "2 .

V(F)Y(Y,Z) =V (F)(JY,Z) =0

where X,Y,Z € N (M™). The first group of the Car-
tan structural equations of a Hermitian manifold written in
an A-frame looks as follows:

do' = o} N @' + B"0" N\ o,

dw, =- 0. N w, + B,ow, \ @

where {B”}| and { B¢, |

o, | are components of the Kir-
. 20 [2123
ichenko tensors of M '#1 ¢ bc =1,... ,n.

We recall also that an almost contact metric structure

on an odd-dimensional manifold N is defined by the system
of tensor fields { @,£,7,g} on this manifold, where 5 is a
vector field, (7 is a covector field, @ is a tensor of the type
(1,1) andg = (-, +) is the Riemannian metric'**'. More-
over, the following conditions are fulfilled

n(¢) =1,P(&) =0,9°P =0

D =-id+¢(Q@n

(@X, DY) = (DX, DY) - n(X)5(Y)

X,Y e N(N)

where X (N) is the module of smooth vector fields on
N. As an example of an almost contact metric structure we
can consider the cosymplectic structure that is characterized
by the following condition :

Vy =0,V =0

where V is the Levi-Civita connection of the metric. It
has been proved that the manifold, admitting the cosymplec-
tic structure, is locally equivalent to the product M x R,
where M is a Kihlerian manifold **'.

As it was mentioned, the almost contact metric struc-
tures are closely connected to the almost Hermitian struc-
tures. For instance, if (N, {®,£,7n,g!) is an almost
contact metric manifold, then an almost Hermitian structure

is induced on the product N x R ',

If this almost Hermi-
tian structure is integrable, then the input almost contact
metric structure is called normal. As it is known, a normal
contact metric structure is called Sasakian'>’. On the other
hand, we can characterize the Sasakian structure by the fol-
lowing condition (2],

V(@)Y = (X,Y)é -n(V)X, X,Y € X(N)

For example, Sasakian structures are induced on totally
umbilical hypersurfaces in a Kihlerian manifold ™. As it is
well known, the Sasakian structures have many remarkable
properties and play a fundamental role in contact geometry.

In 1972 Katsuei Kenmotsu has introduced a new class
of almost contact metric structures ** defined by the condi-
tion :

V(@)Y = (DX, V)¢ —qn(Y)DX, X,Y € R(N)

The Kenmotsu manifolds are normal and integrable,
but they are not contact, consequently, they can not be
Sasakian. In spite of the fact that the conditions for these
kinds of manifolds are similar, the properties of Kenmotsu
manifolds are to some extent antipodal to the Sasakian mani-

]

folds properties'””’. Note that the remarkable investiga-
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tion"””) in this field contains a detailed description of Ken-
motsu manifolds as well as a collection of examples of such
manifolds. We mark out also the recent fundamental work
by G. Pitis that contains a survey of most important results

on geometry of Kenmotsu manifolds **'.

3 THE PROOF OF THE THEOREM

At first, we remind that an almost Hermitian manifold
M™ complies with the U-Kenmotsu hypersurfaces axiom, if a
totally umbilical Kenmotsu hypersurface passes through
every point of this manifold.

Let O = R® be the Cayley algebra. As it is well-known
) two non-isomorphic three-fold vector cross products are
defined on it by means of the relations;

P (X,Y,Z) == X(YZ) + (X, WZ + (Y, Z)X -
(Z,X)Y,P,(X,Y,Z) == (XY)Z + (X, Y)Z + (Y,Z)X
-{(Z,X)Y, where X,Y,Z € O, (-, +) is the scalar prod-
uct in O and X — X is the conjugation operator. Moreover
any other three-fold vector cross product in the octave
algebra is isomorphic to one of the above-mentioned two. If
M® C Ois a six-dimensional oriented submanifold, then the
induced almost Hermitian structure {]} g = (-, <)}l is
determined by the relation

J(X) =P (X,e ,e,),t =1,2

where {e, ,e,} is an arbitrary orthonormal basis of the
normal space of M° at the point p, X € T,(M°) o

We recall that the pointp e M®is called general ™®' | if

ey ¢ T, (M)

where ¢, is the unit of Cayley algebra. A submanifold
M® C O, consisting only of general points, is called a gen-
eral-type submanifold®’. In what follows, all submanifolds
M° that will be considered are assumed to be of general
type.

Let N be an arbitrary oriented hypersurface of a six-di-
mensional Hermitian submanifold M® C Oof Cayley algebra,
let o be the second fundamental form of immersion of N into
M°. Let us consider the Cartan structural equations of the
almost contact metric structure on such a hypersurface[lb] .

do® = w5 N\ o +BYo” N\ w, +

(«/532‘3 + ia;)a)ﬁ No +( - ;*EB?B + iO'O‘E)wB Ao

dw, = - o’ /\wB+BZ’Bwy/\wB+

1 .
(ﬁBZ _io-ﬁ)a)ﬁ N w +(—EBZ& —Lo’aﬁ)wﬁ A w

— . B
do = (2B} - 2B - 2ig5)@" N\ o, +
(BY —icHo N wg
Here the indices «,,7y range from 1 to 2. Taking into
account that the Cartan structural equations of a Kenmotsu
structure look as follows "7 .
dw” =w;/\w8+w/\wa
— B
do, =~ o, N w; +o N\ o,
do =0
we get the conditions whose simultaneous fulfillment is

a criterion for the structure induced on N to be Kenmotsu:

B =0 (la)

2B + o = - 8 (1b)
1

- —B* +ig¥ =0 (le)
«/5 3

V2B - 2By, - 2igy =0 (1d)

BY —igt =0 (le)

and the formulae, obtained by complex conjugation
(no need to write them explicitly) .

From (1c) we obtain:

aB _ lBt:ﬁ
«/2—‘

By alternating of this relation we get:

0= gl —_ Lplal _
ﬁ 3
- (B - BE) = - B

242 vz

That is why B;® =0, therefore

o? =0
Similarly, from (1le)we obtain;

a; =0

So, the conditions (1) we can rewrite as follows:

B¥ =0;0"=0

ob =0 ; op = iV2B; +i8;
and the formulae, obtained by complex conjugation.

Next, let us use the expressions for Kirichenko tensors
of six-dimensional Hermitian submanifolds of Cayley alge-

6,19, 21
bra' 1,

1

abh
—&""'D,,

3
. (3)

he
B, = /—Euth
N2

ab
B =
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where BY = 0e o™ D, = 0eD,, =0
y = 3y T 3 T
are the components of the third-order Kronecher ten- B = 0 Jl?aﬁ" Dy = 0Dy, =0
sor and D,, =+ T +iT, , D" =D, ==+ T, —il},.
) ) So, the matrix (D, ) vanishes:
Here {Tf.| are the components of the configuration
D, =0 (6)

tensor (in A. Gray’s notation) of the Hermitian submani-
fold M°* C O ; the index @ ranges from 7 to 8 and the indices
a, b, ¢, h range from 1 to 3 (e, 17185

Taking into account (1) and (2), we have:

oy = o) = i2B) + 8 =

iﬁ(ig”mﬂ) +i=—iD, +i
2

7

on =03 = iV2B) + 8, =
iﬁ(/lfz_s”’Dﬂ) +i=iD, +1i
’ (4)
o = oy = i2BY +i8) =
. 1 13 .
iV2(—= "D,) =-iDy
a
o5 = o = i2BT + 08, =
. 1 23 .
“/27(\/7—8 "D, ) =iD,
2 Y

If N is a totally umbilical submanifold of M®, then for
its second fundamental form we have:

o, = Ag,,A —const,p,s =1,2,3,4,5 (5)

Taking into account that the matrix of the contravariant

metric tensor of the hypersurface N looks as follows 7 *"

00010
000 01
(&) =10 01 00
1 0000
01 000

we conclude from (2), (4), and (5) that
By =0,B, =0
Consequently,
%5831,1th = 0=e,,D” = 0D” = 0sD,, =0
1
a2

Knowing the identity from '
(DIZ)Z =D,Dy

D" = 0oe, D" = 0D = 0D, =0

30]

we conclude that D, = 0. Moreover, from (2) it fol-

lows that

As we can see the condition (6) is fulfilled at every
point of totally umbilical Kenmotsu hypersurface of six-di-
mensional Hermitian submanifold of the octave algebra. But
this condition is a criterion for the six-dimensional submani-
fold M* C O to be Kahlerian”'”"'. That is why if ¥° C O
complies with the U-Kenmotsu hypersurfaces axiom, then it
is a Kihlerian manifold, Q. E. D.

As it was mentioned above, the paper® by V. F. Kir-
ichenko contains a complete classification of six-dimensional
Kihlerian submanifolds of Cayley algebra. Now, we can
state that this paper contains a complete classification of six-
dimensional Hermitian submanifolds of Cayley algebra com-
plying with the U-Kenmotsu hypersurfaces axiom. We
remark also that the property to comply with U-Kenmotsu
hypersurfaces axiom essentially simplify the structure of the
six-dimensional Hermitian submanifold of the octave alge-

bra.
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